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Ïîñòàíîâêà çàäà÷è

Ïîñòðîåíèå íåïðåðûâíûõ ïðèáëèæåíèé uJ ∈ C [a; b] ðåøåíèé
ëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé

u(x)− λ
b∫

a

U (x , t) u(t)dt = f (x), (x , t) ∈ [a, b] ; (1)

u(x)− λ
x∫

a

U (x , t) u(t)dt = f (x), (x , t) ∈ [a, b] ; (2)

è ãëàäêèõ ïðèáëèæåíèé yJ ∈ Cn[a; b] ðåøåíèé ëèíåéíûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé

y (n)(x) +
n−1∑
k=0

Ak(x)y (k)(x) = f (x), x ∈ [a; b] , (3)

ñ èñïîëüçîâàíèåì ñïëàéí-âåéâëåòîâ íà îñíîâå Â-ñïëàéíà
ïåðâîãî ïîðÿäêà.
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Ñïëàéí-âåéâëåòû íà îòðåçêå

Â-ñïëàéíû. ×óè Ê. Ââåäåíèå â âåéâëåòû/ Ê. ×óè.� Ìîñêâà:
Ìèð, 2001.

Îïðåäåëåíèå Â-ñïëàéíà:

Nn(x) = Nn−1 ∗ N0, N0(x) =

{
1, åñëè x ∈ [0; 1);

0, åñëè x 6∈ [0; 1).

Ìàñøòàáíîå ñîîòíîøåíèå:

Nn(x) =
n+1∑
k=0

C k
n+1

2n Nn(2x − k), suppNn = [0; n + 1] .

Ïóñòü ϕ(x) = Nn(x) è ϕjk(x) = 2j/2ϕ(2jx − k),
j = 0, 1, . . . , k = −n, . . . , 2j(n + 1)− 1. Îáîçíà÷èì

Vj = lin
{
ϕj ,−n, ϕj ,−n+1, . . . , ϕj ,2j (n+1)−1

}
Òîãäà V0 ⊂ V1 ⊂ · · · ⊂ L2[0; n + 1].
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Ñïëàéí-âåéâëåòû íà îòðåçêå

Âåéâëåò-ïðîñòðàíñòâà Wj

Wj îðòîãîíàëüíîå äîïîëíåíèå ê ïðîñòðàíñòâó Vj â
ïðîñòðàíñòâå Vj+1

Vj+1 = Vj ⊕Wj , Wj = lin{ψj ,0, ψj ,1, . . . , ψj ,2j (n+1)−1}

Áàçèñ â VJ = V0 ⊕W0 ⊕W1 ⊕ ...⊕WJ−1

{ϕ0,k}nk=−n ∪ {ψ0,k}nk=0 ∪ · · · ∪ {ψJ−1,k}
2J−1(n+1)−1
k=0

Òåîðåìà

Ïóñòü f ∈ L2 [0; n + 1] è Πj : L2[0; n + 1]→ Vj � ïðîåêòîð. Òîãäà
Πj f = ΦjC

∗
j , ãäå Φj = (ϕj,−n, ϕj,−n+1, . . . , ϕj,2j (n+1)−1),

C∗j = [(Φj ,Φj)]−1 [(f ,Φj)].
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Ñïëàéí-âåéâëåòû íà îñíîâå Â-ñïëàéíà íóëåâîãî ïîðÿäêà

Ìàñøòàáèðóþùàÿ ôóíêöèÿ

ϕ(x) = N0(x) =

{
1, åñëè x ∈ [0; 1);

0, åñëè x 6∈ [0; 1).

Âåéâëåòû Õààðà

Äëÿ l = 0, ..., 2M, j = 0, 1, ..., k = 0, 1, ..., 2j − 1, M = 2J

h1(x) =

{
1, x ∈ [A;B]

0, x /∈ [A;B]
, hl(x) =


1, x ∈ [ξ1(l); ξ2(l))

−1, x ∈ [ξ2(l); ξ3(l)]

0, x /∈ [ξ1(l); ξ3(l)]

, l > 1

ãäå ξ1(l) = A + 2kµ∆x , ξ2(l) = A + (2k + 1)µ∆x ,

ξ3(l) = A + 2(k + 1)µ∆x , µ =
M

m
, ∆x =

B − A

2M
.
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Ñïëàéí-âåéâëåòû íà îñíîâå Â-ñïëàéíà ïåðâîãî ïîðÿäêà

Ìàñøòàáèðóþùàÿ ôóíêöèÿ ϕ(x) = N1(x). Âåéâëåòû 1

ψj ,k =



√
3

16 (−12ϕj+1,−1 + 11ϕj+1,0 − 6ϕj+1,1 + ϕj+1,2) , k = 0;
1

6
√

2
(ϕj+1,2k−2 − 6ϕj+1,2k−1 + 10ϕj+1,2k−

−6ϕj+1,2k+1 + ϕj+1,2k+2) , k = 1, ..., 2j+1 − 2;
√

3
16

(
ϕj+1,2j+2−4 − 6ϕj+1,2j+2−3 + 11ϕj+1,2j+2−2−

−12ϕj+1,2j+2−1

)
, k = 2j+1 − 1,

Âåéâëåò-áàçèñ â VJ = V0 ⊕W0 ⊕W1 ⊕ ...⊕WJ−1

hl(x) =

{
ϕ0,l−2(x), l ∈ [1; 3] ;

ψj ,k(x), l ∈ (3; 2M] .

l = 2j + k + 2, j = 0, 1, ..., J, k = 0, 1, ..., 2j − 1,

M = 2J+1 + 1

1Finkelstein A. Multiresolution Curves/ A. Finkelstein, David H. Salesin//
Proceedings ACM SIGGRAPH.�1994.� pp.261�268.
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Òåîðåòè÷åñêèå ðåçóëüòàòû, ïîëó÷åííûå â ðàáîòå

Òåîðåìà (îá îöåíêå ïîãðåøíîñòè)

Ïóñòü f ∈ C [0; 2], òîãäà

||f (x)− Πj f (x)||C [0;2] ≤
(2 +

√
3)2
√

3

2
ω

(
f ,

N + 2

2j

)
+

2
√

3 ||f ||C [0;2]

(2 +
√

3)N−2
,

ãäå N ∈ N∩∆, ∆ =
{
−1, 0, 1, ..., 2j+1 − 1

}
, ω(f , δ) = max

x,x′∈[0;2]

|x−x′|<δ
|f (x)− f (x ′)|.

Ñëåäñòâèå (î ðàâíîìåðíîé ñõîäèìîñòè)

Ïóñòü f ∈ C [0; 2] è â êà÷åñòâå ìàñøòàáèðóþùåé ôóíêöèè âûáðàí
Â-ñïëàéí ïåðâîãî ïîðÿäêà, òîãäà lim

j→∞
||f − Πj f ||C [0;2] = 0.

Èíòåãðàëû îò ñïëàéí-âåéâëåòîâ (ïîëó÷åíû êîíå÷íûå ôîðìóëû, íå
òðåáóþùèå èíòåãðèðîâàíèÿ)

pν,l(x) =

x∫
0

x∫
0

. . .

x∫
0

hl(t)dtν

︸ ︷︷ ︸
ν

=
1

(ν − 1)!

x∫
0

(x − t)ν−1hl(t)dt,

ν = 1, 2, . . . , n, l = 1, 2, . . . , 2M.
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Î ïðîåêöèîííûõ ìåòîäàõ. Êàíòîðîâè÷ Ë.Â., Àêèëîâ Ã.Ï.
Ôóíêöèîíàëüíûé àíàëèç. Ì.: Íàóêà, 1977. � 744 ñ.

X � ïîëíîå íîðìèðîâàííîå ïðîñòðàíñòâî, Vj � ïîëíîå
ïîäïðîñòðàíñòâî X

Ku ≡ u − λHu = f , Kjuj ≡ uj − λHjuj = Πj f ,

1 (Óñëîâèå áëèçîñòè îïåðàòîðîâ H è Hj). Äëÿ ëþáîãî uj ∈ Vj

âûïîëíÿåòñÿ ||ΠjHuj − Hjuj || ≤ ρj ||uj ||.
2 (Óñëîâèå õîðîøåé àïïðîêñèìàöèè ýëåìåíòîâ âèäà Hu

ýëåìåíòàìè èç Vj). Äëÿ ëþáîãî u ∈ X ñóùåñòâóåò uj ∈ Vj :
||Hu − uj || ≤ ρ1,j ||u||.

3 (Óñëîâèå õîðîøåé àïïðîêñèìàöèè ñâîáîäíîãî ÷ëåíà òî÷íîãî
óðàâíåíèÿ). Ñóùåñòâóåò ýëåìåíò fj ∈ Vj òàêîé, ÷òî
||f − fj || ≤ ρ2,j ||f ||.

Åñëè îïåðàòîð K èìååò íåïðåðûâíûé îáðàòíûé, óðàâíåíèå Ku = f
èìååò ðåøåíèå è lim

j→+∞
ρj = 0, lim

j→+∞
ρ1,j = 0, lim

j→+∞
ρ2,j = 0, òî

lim
j→+∞

‖u − uj‖ = 0, ãäå uj � ðåøåíèå óðàâíåíèÿ Kjuj = Πj f .

ñòàäåíòêà Öàïêî Å. Ä., ðóêîâîäèòåëü Áèòþêîâ Þ.È. 15 èþíÿ 2017



Ëèíåéíûå èíòåãðàëüíûå óðàâíåíèÿ Ôðåäãîëüìà è
Âîëüòåððà

Óðàâíåíèå: u(x)− λ
2∫

0

U (x , t) u(t)dt = f (x), (x , t) ∈ [0, 2] ;

Ku(·) = u(·)− λ
2∫

0

U(·, t)u(t)dt, Hu(·) =
2∫

0

U(·, t)u(t)dt,

Hj = Πj ◦ H, ρj = 0, ρ1,j = ‖U − Π
(2)
j U‖X , ρ2,j =

‖f−Πj f ‖X
‖f ‖X .

Ïðèáëèæåííîå ðåøåíèå: uJ(x) =
M∑
l=1

clhl(x), ãäå

C [[(HJ ,HJ)]− λGJ ] = F , C = (c1, . . . , cM)

[(HJ ,HJ)] � ìàòðèöà ñêàëÿðíûõ ïðîèçâåäåíèé âåéâëåòîâ,

GJ =

 2∫
0

U(·, t)hl(t)dt, hs(·)

M

l,s=1

, F = (f , hs(·))Ms=1.

Äëÿ X = L2[0; 2] è X = C [0; 2] èìååì lim
j→+∞

ρ1,j = 0, lim
j→+∞

ρ2,j = 0.
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Ëèíåéíûå ÎÄÓ

y (n)(x) +
n−1∑
k=0

Ak(x)y (k)(x) = f (x), x ∈ [0; 2] , (4)

y(0) = y0, y
′(0) = y ′0, ... y

(n−1)(0) = y
(n−1)
0 . (5)

Ñâîäèòñÿ ê óðàâíåíèþ Âîëüòåððà. Ïîýòîìó ïðèáëèæåííîå

ðåøåíèå èùåòñÿ â âèäå y (n) =
2M∑
l=1

clhl(x).

y (ν)(x) =
2M∑
l=1

clpn−ν,l(x) +
n−ν−1∑
σ=0

1

σ!
xσy

(ν+σ)
0 , (6)

pk,l(x) =

x∫
0

pk−1,l(t)dt, k = 2, 3, ...

Ïîäñòàâëÿÿ (6) â (4) è èñïîëüçóÿ ìåòîä Áóáíîâà-Ãàëåðêèíà,
íàõîäÿòñÿ âåéâëåò-êîýôôèöèåíòû cl .
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Ëèíåéíûå èíòåãðàëüíûå óðàâíåíèÿ Ôðåäãîëüìà. Ïðèìåð

u(x)−

π/2∫
0

sin(x) cos(t)u(t)dt = sin(x), 0 ≤ x ≤ π

2

Ðèñ.: Òî÷íîå ðåøåíèå: u∗(x) = 2 sin x .
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Ëèíåéíûå èíòåãðàëüíûå óðàâíåíèÿ Âîëüòåððà. Ïðèìåð

u(x)− 1

2

x∫
0

(
ex−t − et−x

)
u(t)dt = x , x ∈ [0; 2] .

Ðèñ.: Òî÷íîå ðåøåíèå: U(x) = x − x3

6
.
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Ëèíåéíûå ÎÄÓ. Ïðèìåð

y ′′ − xy = 0

y(0) = 0; y ′(0) = −1.

Ðèñ.: Ðåøåíèå óðàâíåíèÿ Ýéðè ìåòîäîì ñïëàéí-âåéâëåòîâ è ìåòîäîì
Ðóíãå-Êóòòà 4-ãî ïîðÿäêà.
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Ïîñòðîåíèå ñõåìû àðìðîâàíèÿ äëÿ âûêëàäêè
âåíòèëÿòîðíîé ëîïàòêè ñàìîëåòà ÌÑ-21

Äàíî: Óêëàäêà êîìïîçèòà (ëåíòû øèðèíû d) ïî ãåîäåçè÷åñêèì
êðèâûì γq : ~rq(s) = ~r(uq(s), vq(s)), îáðàçóþùèì çàäàííûé óãîë
ñ íåêîòîðûì ôèêñèðîâàííûì íàïðàâëåíèåì.
Íàéòè: Òàêóþ ñõåìó óêëàäêè, êîòîðàÿ îáåñïå÷èâàëà áû
îòñóòñòâèå çàçîðîâ ìåæäó ëåíòàìè è ìèíèìèçèðîâàëà áû
íàõëåñòû ëåíò

Ðèñ.: Àâòîìàòèçèðîâàííàÿ âûêëàäêà
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Êðàåâàÿ çàäà÷à äëÿ íàõîæäåíèÿ ãåîäåçè÷åñêîé

Ãåîäåçè÷åñêàÿ:
d2uq
ds2

+ Γ1
11

(
duq
ds

)2

+ 2Γ1
12

duq
ds

dvq
ds

+ Γ1
22

(
dvq
ds

)2

= 0;

d2uq
ds2

+ Γ2
11

(
duq
ds

)2

+ 2Γ2
12

duq
ds

dvq
ds

+ Γ2
22

(
dvq
ds

)2

= 0,

Êðàåâûå óñëîâèÿ:

uq(0) = Uq0, vq(0) = Vq0, uq(Sq) = Uq1, vq(Sq) = Vq1.

Ïðèáëèæåíèå:
Uq(s) = Uq0 + s

Uq1 − Uq0

Sq
+

2M∑
i=1

uqi

(
p2,i (s)− s

Sq
p2,i (Sq)

)
;

Vq(s) = Vq0 + s
Vq1 − Vq0

Sq
+

2M∑
i=1

vqi

(
p2,i (s)− s

Sq
p2,i (Sq)

)
.

ñòàäåíòêà Öàïêî Å. Ä., ðóêîâîäèòåëü Áèòþêîâ Þ.È. 15 èþíÿ 2017



Îïðåäåëåíèå êðèâûõ àðìèðîâàíèÿ

g
q

gq+1

Нач
ал

ьн
ое п

риближен
ие

для си
ст

ем
ы нел

иней
ных

урав
нен

ий

g
q F : (s,d)           (u,v)q

s=const

d=const

Краевое условие

К
ра

ев
ое

 у
сл

ов
и

е

d

d

укладка ленты = отображение 
w = r  Fq q

d<d

Условие отсутствия
зазора

Ðèñ.: Íàõîæäåíèå êðèâûõ àðìèðîâàíèÿ
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Âåíòèëÿòîðíàÿ ëîïàòêà

Ðèñ.: Âûêëàäêà íåñêîëüêèõ ëåíò íà îïðàâêó2.

2Áèòþêîâ Þ. È., Äåíèñêèí Þ. È., Öàïêî Å. Ä. Ïðèìåíåíèå âåéâëåòîâ
Õààðà â äëÿ èçãîòîâëåíèÿ êîíñòðóêöèé èç êîìïîçèöèîííûõ ìàòåðèàëîâ
ìåòîäîì àâòîìàòèçèðîâàííîé âûêëàäêè. // Ïðèêëàäíàÿ ìàòåìàòèêà è
ôóíäàìåíòàëüíàÿ èíôîðìàòèêà. � 2017. � Ò. 4, # 1. � Ñ. 21�30.
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